Clearly a group G is n-central if and only if it satisfies the word [x n , y] = 1 for all elements x and y in G. Thus the n-central groups form a variety. (We note that some authors have used the term p-central to mean all elements of order p in a finite p-group are central, this is a very differerent condition. ) Moravec has proved that for G a finitely-generated soluble group of derived length d, then G is n-central if and only if G is isomorphic to the direct product of a finite soluble n-central group of derived length at most d and a free abelian group of finite rank [14, 2.5] . We are interested in p k -central groups for p a prime number. Clearly a finite p k -central group is nilpotent and so is a finite p-group modulo an abelian direct factor. Thus we restrict our attention to finite p k -central p-groups. Several related concepts have been studied by authors, we recall a few of them. A group is said to be n-abelian if (xy) n = x n y n for all x, y ∈ G. It is easy to see that in an n-abelian group [
for all x, y ∈ G. Thus a p k -abelian p-group is p k -central. Indeed, n-abelian groups have been classified by Alperin [2] : the variety of n-abelian groups is the join of the varieties of abelian groups, groups of exponent dividing n and groups of exponent dividing n − 1. More general than an n-central group is an n-Bell group, that is one which satisfies the identity [x n , y] = [x, y n ] for all x, y ∈ G.
With the exception of recent papers of Moravec [14, 15] and Mann [13] , it seems that little work has been done on n-central groups, with results often only occuring as a byproduct of results on other classes of groups. One such example is the result by Kappe and Morse [11, Thm 13] which shows that a metabelian p-group G is p-central if and only if the exponent of the derived group of G divides p and G has nilpotency class at most p. In [14, 1.3] Moravec proves that the assumption that G is a p-group can be dropped. In the same paper Moravec classifies all finitely-generated 2-central groups [14, 2.7] (finite 2-central groups had previously been classified [6] ).
It is worth noting that for p odd all p-groups of order at most p 4 are pcentral. This is clear for groups of order ≤ p 3 . For groups of order p 4 , by the result of Kappe and Morse mentioned above we just need to consider groups of nilpotency class 3, this case is covered in Proposition 2. For p = 2 the dihedral group of order 16 gives a group of order 2 4 which is not 2-central. The following presentation gives, for all primes p, a p-group of order p 5 that is not p-central
Recall, the Nottingham group is a finitely-generated pro-p group in which the p-powers in the group drop quickly down the lower central series, for details see [3] . Thus it is not surprising that certain finite quotients of the Nottingham group give examples of p-central groups, for details see [18] . It is also interesting to note that p-groups with only one non-central conjugacy class size are p-central [10] . In this paper we consider three different aspects of p-central groups. The study of p k -central groups is a natural setting in which to study the Schur Multiplier of a finite group of exponent p k . The Schur Multiplier M (G) of a group G is given by the second cohomology group H 2 (G, C * ). When G is finite M (G) is also given by the second integral homology group H 2 (G, Z). In Schur's pioneering work at the beginning of the last century he proved that all groups have a covering group: H is a covering group of a group G if H has a subgroup A isomorphic to M (G) which satisfies A ≤ H ∩ Z(H) and G ∼ = H/A. So, the covering group of a group of exponent p k is a p kcentral group. In the next section we study the interplay between the p-power structure and the commutator structure of a p-central group. This leads to the following theorem about the exponent of the Schur multiplier of a finite group of exponent p. This compares favourably with known results of Ellis [5] and Moravec [15] when p is large in comparison to the nilpotency class of the group. We note that a finite non-cyclic group of exponent p has non-trivial mutiplier [12, 3.4.11] .
In the second section we consider p-central groups by coclass. A finite p-group of order p n and nilpotency class c has coclass n − c, this invariant was introduced by Leedham-Green and Newman and suggests an interesting way to investigate p-groups. The following theorem is not surprising given the structure of a p-group of coclass r but interesting to note.
An interesting link between Schur Multipliers and coclass is given by Bettina Eick [4] . She proves that for an odd prime p there are at most finitely many p-groups G of coclass r with |M (G)| ≤ s for every r and s. She also shows that this does not hold for p = 2 by constructing an infinite series of 2-groups with coclass r and trivial Schur Multiplier.
In the final section of this paper we look at the Tate cohomology of pcentral groups. Recall a finite p-group G is regular if given x, y ∈ G there exists s ∈ γ 2 ( x, y ) such that (xy)
In [17] Schmid proved that for G a regular p-group, N a non-trivial normal subgroup of G and Q = G/N non-cyclic then the Q-module A = Z(N ) has non-trivial cohomology. So, in particular, if G is a non-abelian regular p-group and Φ the Frattini subgroup of G then H n (G/Φ, Z(Φ)) = 0 for all n, Schmid then asks whether this result holds more generally. Abdollahi has given some cases where the result holds [1] , and in the final section we prove the following result.
Theorem 3 Let G be a finite p-central p-group and N a proper, non-trivial normal subgroup of G that is not maximal.
Notation is standard. Given subsets X and Y of a group G, then [X, Y ] denotes the group generated by commutators [
The lower central series of a group G is denoted by γ i (G) and defined inductively as G = γ 1 (G) and
We also use G to denote the derived group of G. The centre of G is denoted by Z(G). For H ≤ G we denote the subgroup generated by elements h p i with h ∈ H by H p i .
Schur Multipliers
The Schur Multiplier of a group G, denoted M (G), is given by the second cohomology group H 2 (G, C * ) and was introduced by Schur in 1904. For a finite group M (G) can be identified with the second integral homology group H 2 (G, Z). The study of Schur Multipliers is closely related to the study of central extensions of groups. A group H is a covering group of G if H has a subgroup A ∼ = M (G) such that G ∼ = H/A and A ≤ Z(H) ∩ H . Schur proved that a covering group always exists, although it need not be unique. For more background on Schur Multipliers see [12] . So, the covering group of a group of exponent p k is a p k -central group and information about the derived group of a p k -central group yields information about the Schur Multiplier of a finite group of exponent p k . This link has already been explored by Moravec [15] .
We focus on p-central groups, and so Schur Multipliers of groups of exponent p. It is known that the derived group of a p-abelian group has exponent p, so identifying when a p-central group is p-abelian is useful.
Lemma 1 A finite p-group G is p-abelian if and only if it is p-central and regular.
Proof. Clearly a p-abelian p-group is regular and it is p-central by [8] 
We isolate the next result to ease the proof of the following Proposition.
Proof. This follows inductively from Lemma 2(i). Note that an element of [S, G] p is of the form ([s
p and by induction suppose x ∈ L. Then applying Lemma 2(i) to (x[s n , g n ])
p and noting the hypotheses of the lemma gives the required result.
2
The next result shows how p-powers drop in a finite p-central group.
Proposition 1 Let G be a finite p-central group and H a subset of G. Define
Proof. Let i ≥ 2, x ∈ H i−1 and y ∈ G. We begin by showing that [ 
Note that 
for i ≥ 2. Subsituting the above result for H i+1 yields
Continuing in this manner, and noting G is nilpotent so (H i+k ) p is a strictly descending series of subgroups, yields
Using the above proposition we can gain information about the Schur Multiplier of a finite group of exponent p. Proof. Suppose H is the covering group of G, then it is sufficient to prove that the exponent of H is bounded by p c p−1 . As G has exponent p it follows that H is a p-central group, so we can apply the previous proposition and thus (H ) p ≤ γ p+1 (H). Now, proceed inductively. Since (H )
This improves known results when p is large compared to c. For example, Ellis has shown that for G a finite p-group of nilpotency class c ≥ 2, the exponent of M (G) divides (exp G) c/2 [5] . More recently Moravec has bounded the exponent of M (G) by p k log 2 c where k is a function dependent on p and the exponent of G [15] .
We should comment that we do not know of a finite p-central group with derived group not of exponent p. Clearly, by Corollary 2, an example would need to have class ≥ p + 1 and, by a result of Kappe and Morse [11, Thm 13] , derived length ≥ 3. Kappe and Morse have also shown that for p = 2 and 3 the derived group of a p-central group has exponent p [11, Thms 7 & 9] . This raises an interesting question regarding the exponent of the Schur Multiplier of an exponent p group, does it have to be p?
Coclass
Recall the coclass of a finite p-group G of order p n and nilpotency class c is given by n − c. As all finite p-groups have finite coclass the coclass gives a useful invariant for investigating finite p-groups. To study p-groups of coclass 1, also known as p-groups of maximal class, a chain of normal subgroups is introduced:
For i ≥ 2 the P i are just the terms of the lower central series and P 1 is a 2-step centralizer, for more details see [16, Chap. 3] . In a p-group of coclass 1 the p-powers drop in a uniform way, this gives us the following dichotomy.
Proposition 2 Let p be an odd prime and G a finite p-group of order p n and coclass 1. Then G is p-central if and only if n ≤ p + 1.
More generally we have the following result.
Theorem 2 Let G be a finite p k -central p-group of coclass r. Then there exists a function f = f (k, p, r) such that the order of G is bounded by p f .
Proof. Let p be odd, c be the nilpotency class of G and suppose c ≥ (k+1)p r . Equivalently n ≥ (k + 1)p r + r where p n is the order of G. Then, by [16, 6. [16, 6.3.8] . In this case m(2, r) = 2 r+2 and we suppose c ≥ (3 + k)2 r+1 , equivalently n ≥ (3 + k)2 r+1 + r. The result follows with d = 2 s and 0
We are not claiming f (k, p, r) is a best bound, indeed it is clear from Proposition 2 that f (1, p, 1) is not best possible.
Tate Cohomology
Let G be a finite p-group, N a normal subgroup of G and A = Z(N ), the centre of N . Then A is a Q = G/N -module and one can investigate the Tate cohomology groups H n (Q, A). The Q-module A is called cohomologically trivial if H n (K, A) = 0 for all integers n and all subgroups K of Q. By a result of Uchida [19] we know that A is cohomologically trivial if H r (Q, A) = 0 for just one integer r. In [17] Schmid investigates when the cohomology is nontrivial, he proves that if G is a regular p-group and Q = G/N is not cyclic then H n (Q, Z(N )) = 0 for all n. So, in particular, if G is a non-abelian regular p-group and Φ the Frattini subgroup of G then H n (G/Φ, Z(Φ)) = 0 for all n, Schmid then asks whether this holds more generally. Abdollahi addresses this question in [1] (and uses the alternative definition of p-central) and poses the more general question:
For which finite p-groups G and which normal subgroups
In this section, using the methods of Schmid and Abdollahi, we prove the following.
Theorem 3 Let G be a finite p-central p-group and N a proper, non-trivial normal subgroup of G that is not maximal. Let Q = G/N , then H n (Q, Z(N )) = 0 for all n. By Uchida's result we will be able to restrict our attention to H 0 (Q, Z(N )). Recall, H 0 (Q, A) = A Q /A τ where A Q denotes the fixed points of A under the action of Q and A τ denotes the image of A under the trace map τ = τ Q . The trace map is given by τ Q : a → a x∈Q x. For a finite p-central group, G, we see that the trace map is straightforward.
Let A be an abelian normal subgroup of G, a ∈ A and x ∈ G, then a 1+x+···+x p−1 = a p z for some central element z of G. This is clear since
The following lemma says slightly more, proving that the central element z in the statement above is the commutator [a, p−1 x] and consequently that a is a p-Engel element.
Lemma 4 Let G be a finite p-central p-group and suppose A is a normal abelian subgroup of G. Let a ∈ A and x ∈ G then a 1+x+···+x p−1 = a p [a, p−1 x] and [a, p−1 x] ∈ Z(G).
Proof. Apply Lemma 2(i) to (xa)
p and note that K(x, a) = 1. Next we show that most of the terms in this expression for (xa) p vanish. Let H = A, x . To prove the theorem we need the following proposition due to Schmid.
Proposition 3 [17, Prop.1] Suppose A = 0 is a cohomologically trivial Qmodule where A and Q are finite p-groups. Then for every subgroup H of Q, the centralizer C Q (A H ) = H.
The ideas behind the proof of the theorem follow very closely the ideas of Schmid [17] and Abdollahi [1] but are included for completeness.
Proof of Theorem 3. Suppose for a contradiction H n (Q, Z(N )) = 0 for some integer n. Then, by [19, Theorem 4] , it follows that A = Z(N ) is a cohomologically trivial Q-module. 
